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HADAMARD GAP SERIES IN WEIGHTED-TYPE 
SPACES ON THE UNIT BALL 

BINGYANG HU AND SONGXIAO LI 


Abstract. We give a sufficient and necessary condition for an 
analytic function f(z) on the unit ball B in C™ with Hadamard 
gaps, that is, for f(z) = YlkLi Pn k ( z ) where P nk (z) is a homoge¬ 
neous polynomial of degree n and rik+i /n*, > c > 1 for all k € N, 
to belong to the weighted-type space Hffi and the corresponding 
little weighted-type space i7“ 0 , under some condition posed on 
the weighted funtion /r. We also study the growth rate of those 
functions in U“. Finally, we characterize the boundedness and 
compactness of weighted composition operator from weighted-type 
space H “ to mixed norm spaces. 


1. Introduction 


Let B be the open unit ball in C n with § as its boundary and H{ B) 
the collection of all holomorphic functions in B. H°°( B) denotes the 
Banach space consisting of all bounded holomorphic functions in B 
with the norm ||/||oo = sup \f(z)\. 

zgB 

A positive continuous function /j on [0,1) is called normal if there 
exists positive numbers a and /3, 0 < a < /3, and S G (0,1) such that 
(see, e.g., [9]) 


( 1 . 1 ) 


V(r) 


(1 — r) a 

P(r) 

(1 — r)P 


is decreasing on [<5,1), 
is increasing on [<5,1), 


M r ) 


lim , 

r->i (1 — r) c 

P(r) 


lim 


r-o (1 — r)P 


= 0, 

= oo. 


Note that a normal function /j, : [0,1) —>- [0, cxo) is decreasing in a 
neighborhood of 1 and satisfies lim /i(r) = 0. 

r— >-l _ 
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An / G H (B) is said to belong to the weighted-type space, denoted 
by H™ = //“(B) if 

ll/ll = sup//(|z|)|/(z)| < oo, 

2 GB 


where /i is normal on [0,1) (see, e.g. [H]). It is well-known that //“ 
is a Banach space with the norm || • ||. 

The little weighted-type space, denoted by //“ 0 , i s the closed sub¬ 
space of //“ consisting of those / G //“ such that 

lim fi(\z\)\f{z)\=0. 
hi u 

When n(\z\) = (1 — |^| 2 ) a ,a > 0, the induced spaces //“ and //“ 0 
become the Bers-type space and little Bers-type space respectively. 

Let 0 be a normal function on [0,1). For 0 < p, q < oo, the mixed- 
norm space H(p,q,(p) = H(p, g,0)(B) is the space consisting of all 
/ G //(B) such that 

\\f\\H(p, q ,4>) = M g(/’ r )Y~“ dr ) <00 ’ 

where 

M,(/,r)= ( /i/trOi'MC)) 

and a is the normalized area measure on S. 

Let (p be a holomorphic self-map of B and u G //(B). For / G //(B), 
the weighted composition operator uC^ is defined by 

{uC v f){z) = u(z)f(<p(z)), z G B. 

The weighted composition operator can be regarded as a generalization 
of the multiplication operator and the composition operator, which are 
defined by M u (f ) = ( uf)(z ) and (C v f)(z) = f(tp(z)), respectively. See 
[4] for more information on this topic. 

We say that an / G //(B) has the Hadamard gaps if 


k =0 


where P nk is a homogeneous polynomial of degree and there exists 
some c > 1 (see. e.g., HD]), 


^k +1 

n k 


> c, Vk > 0. 


Hadamard gap series on spaces of holomorphic functions in the unit 
disc D or in the unit ball B has been studied quite well. We refer the 
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readers to the related results in mummmmmmmm and 

the reference therein. 

In [15], the authors studied the Hadamard gap series and the growth 
rate of the functions in Hff in the unit disk. Motivated by [15], the 
aim of this paper is to study the Hadamard gap series in Hff, as well 
as its little space on the unit ball. Moreover, as an application of 
our main result, we characterize the growth rate of those functions in 
Hff. Finally, we give some sufficient and necessary conditions for the 
boundedness and compactness of weighted composition operators from 
weighted-type space Hff to mixed norm spaces. 

Througout this paper, for a, b G M, a < b (a > 6, respectively) means 
there exists a positive number C, which is independent of a and b, such 
that a < Cb (a > Cb , respectively). Moreover, if both a < b and a > b 
hold, then we say a ~ b. 

2. Hadamard gap series in H™ and Hff 0 

oo 

Let f(z) = fC Pk{ z ) be a holomorphic function in B, where Pk{z) is 
k= o 

a homogeneous polynomial with degree k. For k > 0, we denote 

M k = sup \P k (0l 
£es 

We have the following estimations on M k of a holomorphic function 
/ G H™ (or f G H™ 0 , respectively). 

Theorem 2.1. Let n be a normal function on [0,1). Let f(z ) = 

OO 

Pk( z ), z G B. Then the following statements hold. 

k= o 

(1) If f G H™, then sup M k p (l - ~) < oo. 

fc >0 

(2) If f E if®, then lim M k g, (l - |) = 0. 

Proof. (1). Suppose / G H™. Fix a(6 § and denote 

OO OO 

M w ) = p ><(0 wk = w G D - 

k= 0 k= 0 

Since / G H( B), it is known that for a fixed £ G §, f^(w) is holomorphic 
in © (see, e.g., m)- Hence, for any r G (0,1), we have 
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(2.1) M k = sup \P k (0\ = S UP 
£e§ £es 


fd 


w 


2t ri J\ w \ =r w k+1 


dw 


< 


1 

^ sup 

2vr 

1 

sup 


f(£w) 


,fc+i 


dw 


'\w\=r ^ 

r l/(^)l 


2tt 


J\w\=r 


_ r 


k +1 


\dw\ 


1 

— sup 


l/(£w)IMI£H) 


2tt ?gS J\ w \=r r k + l ^(r) 


\dw\ 


< 


r fc /r(r) 

In (12.11) . letting r = 1 — k > 2, k G N, we have 


M fc < 




Thus, for each k > 2, 




which implies that 


fc>i 


k 


sup A4/i ( 1 - - < max{/r(0)Mi,4||/||} < oo. 


(2). Suppose / G that is, for any £ > 0, there exists a S G (0,1), 
when 5 < \z\ < 1, 

MM)l/0)l < £■ 

Take A r 0 G N satisfying 5 < 1 — 2 < 1 when k > Nq. Then for any 
k > N 0 and r = 1 — as the proof in the previous part, we have 

M k < — -- 7 T ' sup fj,(\z\)\f{z)\ < 


5<N<i 

which implies 






< 




T7T < 4e, k > N 0 . 


Hence we have lim M^/i ^1 — — ) = 0. 


k —S'-oo 


□ 
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Theorem 2.2. Let p be a normal function on [0,1). Let f(z) = 

OO 

P nk {z ) with Hadamard gaps, where P nk is a homogeneous polyno- 

k =0 

mial of degree n k . Then the following assertions hold. 

(1) f e H™ if and only if sup p (l - M nk < oo. 

(2) / G H™ if and only if lim p (l - M nk = 0. 

Proof. By Theorem 12.11 it suffices to show the sufficiency of both state¬ 
ments. 

(1). Noting that 


I/Ml = 


EM nr 


k =0 


| n k 


oo 

<E M - 

k =0 




oo 

kl < E 


n k 


k=0 p ( 1 - — 


from the proof of [15f Theorem 2.3], we have 


\m\ ^ y. 

( v 

1 > 

OO | 

i ui™ <r 1 

\z\ m 

l-\z\ ~ ^ 

1 1 771= 1 

l ^ i 

nfc<m p 1 

(l-—) 

\ Pk ) 

d 

11 ~ ^ p (i — —) 

m= 1 r V mJ 


< 


(i-\z\)p(\z\y 

which implies / G Hff, as desired. 

(2). Since hrn p (l - M nk = 0, we have sup p (l - M nk < 

oo. Hence by part (1), we have / G Hff. For any e > 0, there exists a 
N 0 G M satisfying when m > N 0 , 

1 


M n. m L 1 -< £■ 

V n mJ 

m 

For each m G N, put f m (z) = ^ P nk (z). Note that 

k =o 

T{\A)\fm{z)\ < p(\z\)(j2\ p nk(z)\ 

' k =0 

(m 

k =0 
m 

< K m p(\z\) ^2 \ z \ nk < mKmP(\z\), 


P 


k =0 
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where K m = max{M no , M ni ,M n2 ,..., M nvn }. Noting that lim p(\z\) = 

hl->i 

0, we have lim /j,(\z\)\f m (z)\ = 0, which implies for each m G N, 
hl-s-i” 

f m G H™ 0 . Hence it suffices to show that \\f m — f\\ —> 0 asm —> oo. 
Indeed, for m > N 0 , we have 


\fm(z)~f(z)\ = 


E p "* 1 


k=m -\-1 


< E M nM" k <C E 


\n k 


k=m +1 


k=m -\-1 AM 1 


n k 


From this, the result easily follows from the proof of part (1). 


□ 


3. Growth rate 


As an application of Theorem 12.21 in this section, we show the fol¬ 
lowing result. 

Theorem 3.1. Let p be a normal function on [0,1). Then there exists 
a positive integer M — M (n) with the following property: there exists 
fi G Hff, 1 < i < M, such that 

M 

Note that the result in [15, Theorem 2.5] in the unit disc is a partic¬ 
ular case of Theorem 13.11 when n — 1. 


Remark 3.2. We observe that M cannot be 1. 
there exists a / G such that 


l/(*)l > 


1 

MNT’ 


zGB. 


Indeed, assume that 


It implies that f(z) has no zero in B, and it follows that there exists 
g G H{ B), such that / = e 9 . Thus, 


\f{z)\ = \e 9{z) \ = e Re9(2) , 

which implies that e Re9 O0 > and hence Re g(z) > log ^ppjy- For 
each r G (0,1), integrating on both sides of the above inequality on 
r§ = {z G B, \z\ = r}, we have 


Re g(z)da 


> 

rsj 


log 




' rS 


MM) 


da 



■ cr(rS). 


By the mean value property, we have Reg(0) > log , Vr G (0,1), 

which is impossible. 
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Before we formulate the proof of our main result, we need some 
preliminary results. In the sequel, for £, ( G S, denote 

<i«.C)=(l-|«.C)| 2 ) 1/2 . 

Then d satisfies the triangle inequality (see, e.g., m Moreover, we 
write E S (C) for the d-ball with radius 5 G (0,1) and center at ( G §: 

£ 5 (C) = {£eS:d(£,C)<<5}. 

We say that a subset T of S is d-sperated by S > 0, if d-balls with radius 
S and center at points of T are pairwise disjoint. 

We begin with several lemmas, which play important role in the 
proof of our main result. 


Lemma 3.3. [3j [12] For each a > 0, there exists a positive integer 
M = M n (a) with the following property: if 5 > 0, and if T C § is 

M 

d-seperated by aS, then T can be decomposed into T = 1J Tj in such a 

3 =i 


way that each Tj is d-seperated by 5. 


Lemma 3.4. [3, Lemma 2.3] Suppose that T C § is d-seperated by S 
and let k be a positive integer. If 


pw = y>, o‘, «», 

C6P 


then 


\P(z)\ < 1 + + 2) 2n - 2 e~ m252k/2 . 

m= 1 


Proof of Theorem l3.ll We will prove the theorem by constructing 
fi G Hff satisfying the given property only near the boundary (then, 
by adding a proper constant, one obtains the given property on all of 
the unit ball). Since /i is normal, by the definition of normal function, 
there exists positive numbers a, j3 with 0 < a < (3, and 5 G (0,1) 
satisfy (1.1). Take and fix some small positive number A < 1 such that 


°° 2 1 
(3.1) ]T(m + 2) 2 ”- 2 e!Sr < 

m =0 

Let M = M n ())-) be a positive integer provided by Lemma 13.31 with 
A/2 in place of a. Let p be a sufficiently large positive integer so that 



P 


(3.2) 
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(3.3) 

i< 7i_iy <i 

3 - V p) ~ 2’ 

(3.4) 

1 1 
p aM - 1 “ 200’ 

and 


(3.5) 

p /3M . 2 -p M -o* -j_ 

1 _ p/3M . 2-(p 2M -°- 5 -p M - 0 - 5 ) - 200 

For each postive integer j < M , set 8j : o such that 

(3.6) 

A 2 pi8lo = 1 


and inductively choose Sj_ v such that 

(3-7) P M Sl v = 6l_ v v = l,2,.... 

From (13. 6 p and (13.71) . we get 

(3.8) A 2 p vM+j Sj, v = 1- 

For each hxed j and v, let Y 3,v be a maximal subset of § subject to 
the condition that is d-seperated by A8^ v j2. Then by Lemma [3.31 
write 

(3.9) Y 3 - v = 


M 

U r 

1=1 




in such a way that each Y j iV m+i is d-seperated by Sj >v . 

For each i,j = 1,2,... ,M and v > 0, set 

Pi.vM + i (*) = X 

j ,V M + T 7 ' (j ) 

where r* is the i th iteration of the permutation r on {1,2 ,..., M} 
defined by 

' 3 + !, 3 < M i 
1, j = M. 

By (13. BP , Lemma 13.41 and (13.ip . we get that 


T ti) = 


(3.10) \P i>vM+j (z)\ < l + J2(rn + 2) 2n - 2 e- m2s l« pVM+j / 2 


m= 1 
oo 


< l 


^(m + 2) 2n - 2 e - ^ < 2, zgB, 


m= 1 


., M and v > 0. 


for all i,j = 1,2,.. 
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Define 


M = 5Z 


P ; i,vM+j (^) 


= 0 / 1(1 


1 


0 vM+j 


z e 


By Theorem 12.21 it is clear that for each i,j G {1,2,..., M}, g t .j G H™. 
We will show that for every v > 0,1 < j < M and zeB with that 


(3.11) 


1 - 


y vM -\-j 


<\z I < 1 


p~— p 

there exists an i G {1, 2,..., M} such that 

C 


.vM+j+4 


\9iA z )I ^ 


MM)’ 


where C is some constant independent of the choice of i,;j and z. 

Fix v , j and 2 for which (13.111) holds. Let 0 = \z\rj where rj G 8. 
Since d-balls with radius ASj iV and centers at points of cover § by 
maximality, there exists some ( G T 3)V such that 


n e ^(O- 

Note that ( G Tj iV M+i for some 1 < l < M by (13.9j) and hence ( G 
Tj vM+tHj) for some 1 < i < M. 

We now estimate \g h j(z)\. By (I3.10p . 


\9iA z ) I = 


> 


> 


Pi,kM+j\P) 


^ (l 1 

k =0 A* l J- pkM+j J 


p 






/M 1 - 


i 




£ 


Pi,kM+j (■*) 


I z\ 

, pvM+j 

Pi,vM-\-j (^?) | 

g 1 

(>• 

i ^ 

1 

pvM+j J 


k^v P { 1 pkM+j 

z\ kM+ *Pi, kM +M 


S / j \ 

g l I pkM+j J 


0 

puAf+j 


g 1 

(>■ 

1 

1 

pvM+j J 


v—1 


fcM+j 




fc=o g (i— 


pkM+j 


n kM+j 


2 S / , \ 

fc=«+i g i 1 pkM+j j 

h-h- h, 
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where 


h = 


r M+i \p it vM + M 


i 


v—l 


Mi 


n vM+j 


J 2 - 


I pkM+j 


— 0 M pkM+j ^ 


and 


4 = 2 E 


n kM+j 


k=v+l /l ( 1 ZEM 


pkM+j 


Now we estimate I\,l 2 and J 3 respectively. 

• Estimation of ii. 

By (13.31) and (13.111) . we obtain 


|p vM+3 ' > [ x 


—y 

pvM+j J 




~ 3’ 


and therefore 

h > 

> 

> 


| Pi,vM+j 


( ? /)l 


3/i ^1 p vM+j ^ 


1(^01 


„vM+j 


E 




j,vM + T l (j) 




\(v,or M+: ) 


3/1 ^1 pvM+J 

(By the proof of [3]. Theorem 2.1]) 
2 


27/i (1 — pV M+j 


• Estimation of J 2 . 

By the definition of normal function and (13.2ft . we have for each 
seN, 

(l _ (l _ p sM+j ^ ^ _ p sM+j ^ (l _ (l _ psM+j ^ ^ 

^3 p(s+l)M+j J ^ k ^3 p(s+l)M+j ^ ^1 ^1 p(s+l )M+j ^ ^ 

that is, 

/I ( 1 — r,sM+j ) 

(3.12) 1 < p Ma < —A- P -—L^ < 

/I ( 1 — p(s+l)M+j ) 
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Combining this with (13.41) . we have 

V — l 

h < 2£ 


k =0 h ( 1 pkM+j 

" -1 l> (l - jJr+j) I 1 (l 


rrE 


h ( 1 pvM+j ) fc=0 ^ ( 1 


p(v-l)M+j 


1 


p(u-l)M+j 


X 


h (l 


1 

„(&+l)M+j 


< 


< 


P n kM 

2 


p/cM+j 

V—l 

_y 

n(l 


,■ aM(v—k ) 

l 




i 


0 vM+j 


P 


,qM 


h i- 


p(v-2)M+j 


< 


100 (1 (1 

pvM-\-j 


• Estimation of J 3 . 

Noting that by (13.31) and (13.111) . we have 


(3.13) 


\ p vM +j < , 1 


P 


,vM+j +i 


o vM+j+ h- v -h 


<il 


1 

P~* 


Hence, by (13. 5[) . (13. 12j) and (13.13[) . we have 

2|~i p( , "+ 1 ) M +i 00 


h = 


pkM+j _p(v+l)M+j\ 


^ pV ™ +3 \ z\ { . 

h f 1 puM+j J fc=U+l -h ^1 — pfcM+j ^ 

2| z |pG+ 1 ) M +J - oo^ r /l(l-^+j) h(l 


h ( 1 pvM+j ) k=v+1 


E 


p (fc-l)M+i 


h 1- 


p(u+l)M+j 


h ( 1 „fcM 


pkM+j 


(pkM+j _p(v+V)M+p 


< 


2\z\ p 


(u+1 )M+j 


h ( 1 pvM+j I k=v+l 


^ ^ p (PM)(k-v)\ z \(p kM +i-p‘ 


— n (v+l)M+j ) 
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Ol I r)(' y + 1 )-^+J 00 

2 N P _ ^ 

A 4 pvM+j ^ fc=»+l 

(Let s = k — v — 1.) 


' p /3M p (l3M)(k-v- 1) |^ip*(pfc"-p(«+i)") 


„(-u+l)M+j OO 




'^M^M«iup*+(«+ 1 >"(p* M - 1 ) 


Jf Ai 1 \ ^ 11 j 

P l pvM+j J 5—0 

(By > s(jp M — 1), where s and M are two postive integers.) 


Ol \r)( v +l)M+j OO 

< y t y -e[ 

t 1 ( 1 — p vM+j J s =0 
Ol | r ,('U + l)-M"+j OO 


'/3M l3Ms\ \pi+( v + 1 '> M (p M -l)s 

P P \Z\ 




p(v+2)M+j _p(v+l)M+y 


M+j I S =0 


2 p 0M(\ z \p vM+i )P M 

~~T 1 V ’ 1 - p/3MU|p^+hP 2M -P M ) 

p l j- pvM+j] 1 

2 p PM . 2~p m -°- 5 

77 1 7 ’ 1 - V P M . 2-(p 2M ~°- 5 -p m -°- 5 ') 

^ I 1 — I F > 


100/i ( 1 pvM+j 


Combining all the estimates for i), J 2 and 13 , we get 


|<7i,.j(' Z )| — h ~ h ~ h > 


/ 2 1 1 

1 A 1 27 100 100 

0 vM+j ) 


ft ( ^ vM+i 


20/x (i ^yvr+j) 20/x ^1 - pVM l j+ 1 ^ ^ ( 1 A jM+J ) 


2QP^ 1 - ^ 


20pa p(|^|) 


In summary, we have 


M M 


(3.14) 


y y i gi Az)\ > —g—. 

tiU 20 p^(\z\y 
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for all z such that 1 


4 < \z\ < 1-ttt, k = 1,2,.... 

V ~ 1 1 — p *+2 ’ 


Next, pick a sequence of positive integers qk such that 0 < qk~p k+2 < 
1 and for each 1 < j < M, a sequence of positive numbers £ 3 . v such 
that A 2 q vM+j e 2 j v = 1. 

Choose a sequence of subsets Tj iV of § with the following property: 

M 

for each nonnegative interger v, the set [J T 3)V m+i is a maximal subset 


l=i 


of § which is d-seperated by Ae 3)V j 2, and each ^j iV M+i is d-seperated 
by £j, v . 

For each i,j = 1,2,... ,M and v > 0, set 


Qi,vM+j(z ) ^ 

'j .v M +A(j) 


QvM+j 


and define 


hi ( z ) = J2 


Qi,vM+j (*) 


=0 At (1 — 


i 


QvM-\-j 


Then h l)3 is in the Hadamard gap since for each v > 0, 


. n vM+ h rt M 

QvM+j > P 2 > P_ ^ 

q{v-i)M+j ph-!)M+1 2 


Moreover, the homogeneous polynomials Q t . V M+j are uniformlly bounded 
by 2 as before. Hence each h h3 belongs to H™ by Theorem 12.21 and an 
easy modification of the previous arguments yields for each v > 0,1 < 
j < M and z € B satisfying 


P 


,vM+j+~ 


— <\z\<l 


P 


,vM+j +1 


there exists an index i e {1,2,..., M}, such that 

C n 


where C p > 0. 
Hence 

(3.15) 


\hi( z )\ > 


MM y 


M M 

J2J2\hih)\ > 

i= 1 3=1 


c n 


K\*\y 


hr < M < 1- = 1,2, 


for all z such that 1 — 
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Consequently, we finally have 



M M 


for all z G B sufficiently close to the boundary and for some constant 


C. Therefore the proof is complete. 


□ 


As a corollary, we get the following description of the growth rate on 
Bers-type space if “(a > 0), by taking p(\z\) = (1 — \z\ 2 ) a in Theorem 

rsn 

Corollary 3.5. There exists some positive integer M and a sequence 
of functions fa G Hff, 1 < i < M, such that 



4. Weighted composition operator uC v : Hff -> H(p, q, <f>) 

In this section, we will use Theorem 3.1 to characterize the bound¬ 
edness and compactness of the operator uC v : Hff —> H(p,q,(j)). Our 
main result is the following. 

Theorem 4.1. Let ip be a holomorphic self-map of B and u G H{ B). 
Suppose that 0 < p, q < oo and are normal on [0,1). Then the 
following statements are equivalent: 

(i) The operator uC^, : Hff —* H(p,q,4 >) is bounded; 

(ii) The operator uC^ : Hff —> H(p,q,(j)) is compact; 

(in) 



(iv) 



Before proving Theorem 4.1, we need the following auxiliary result, 
which can be proved by standard arguments (see, e.g., Proposition 3.11 
of [1]). 

Lemma 4.1. Let p be a holomorphic self-map of B and u G ii(B). 
Suppose that 0 < p, q < oo and p, <f are normal on [0,1). Then uC v : 
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Hff —> H(p, q, (ft) is compact if and only if uC v : Hff —* H(p, q, (ft) 
is bounded and for any bounded sequence {fk}koN in Hff which con¬ 
verges to zero uniformly on compact subsets of B as k —>• oo ; we have 
\\ u Cyfk\\H(p,q,ct>) y 0 as k — > oo. 

Lemma 4.2. [8j If a > 0, b > 0, then the following elementary inequal¬ 
ity holds. 



, p e (o, l) 

, p> i 


It is obvious that Lemma 4.2 holds for the sum of finite terms, that 


is, 


(di H-b aj) p < C(a p H-b a p ), 


where ai, • • ■ ,aj are nonnegative nnmbers, and C is a positive constant. 

Proof of Theorem 4.1. ( ii ) (z). It is obvious. 

(z) =>- (zzz). Suppose that uC v : Hftf — > H(p,q,(ft) is bounded. From 
Theorem 3.1, we pick functions /i, • • *, /m G Hftf such that 


(4.1) 



The assumption implies that 


which together with (14.11) and Lemma 4.2 imply 



< 



< 




< oo, 


as desired. 
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(in) =$■ (iv). This implication follows from the dominated conver¬ 
gence theorem. 

(iv) =>■ (ii). Assume that (iv) holds. To prove that uC r : Hff —» 
H(p,q,<j>) is compact, it suffices to prove that if {fk}k&N is a bounded 
sequence in Hff such that {fk}ke n converges to zero uniformly on com¬ 
pact subsets of B, then \\uC lf fk\\H( Pl q,(j>) —>> 0, as k —> oo. Take such a 
sequence {fk} C Hff. We have 



for all k. Take e > 0. (iv) and (14.2p imply that there exists t 0 6 (0,1) 
such that 

( 4 - 3 ) [ ( [ \u(r^)\ q \(f k o(p)(rC)\ q da(^)Y /g ^-^dr <e, 

Jo K JMr£)\>t 0 / i r 

for all k. For the above e, since {fk} converges to 0 on any compact 
subset of B, there exists a k 0 such that 



(4.4) 


for all k > k 0 . Hence by (14.3[) and (14. 4 p we have 

11 uCpfk 11 H(p,q,<j>) 



< e, as k > ko, 

from which we obtain lim^oo \\uC v fk\\H(p,q,<i>) = 0. Thus uC v : Hff —* 
H(p,q,(j)) is compact by Lemma 4.1. This completes the proof of this 
theorem. 
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